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Goals and Motivation

e Evaluate the accuracy and performance of various Laplacian (A) discretization schemes

» Order of convergence
» Execution time

o Implicit vs Explicit approach

ich—i—V-(chT)—V-(kVT) = 1:VU
Implicit Explicit

@ Solvers in OpenFOAM 5 that explicitly calculate the Laplacian:
» PDRFoam
» XiFOAM
» solidDisplacementFoam
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Methodology - Notation e

¢ Cell i
\ci] Volume of ¢;

fii Shared face between ¢; and ¢;
N Number of cells in the mesh

E; Error of the solution at cell ¢;

12| Volume of the computational domain

(192 = Xilcil)
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Methodology - Error Analysis =

YilEil|cil

For both & and €., for a 2D problem, we expect
1 [0
e~C|—
()

log € ~ IogC—%IogN

If you apply log to both sides:

© For each scheme and each mesh type calculate € and &, using different number of cells N
@ Through linear regression calculate a; and .

0 and O represent the scheme’s order of convergence

J. Romero et al. (IPC/UMinho) Assessing OpenFOAM discretization schemes FOAM@IBERIA 2018 5/ 34
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Methodology - Implicit vs Explicit

Ap(x,y)=5(xy)
Implicit approach (IMP) Calculate ¢ (x,y), given S(x,y) - fvm namespace in OpenFOAM
Explicit approach (EXP) Calculate S(x,y), given ¢ (x,y) - fvc namespace in OpenFOAM

fvScalarMatrix Eqgn
(
fvm::ddt(rho*c, T)
+ fvm::div(rho*c, T)
- fvm::laplacian(k, T)

tau && fvc::grad(U)

);
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Methodology - Implicit vs Explicit

A¢(x,y)=S(xy)
Implicit (Manufactured Solution Method)
© Choose a (generally) non-trivial analytical solution @ex from which BCs and S are defined
@ Initialize field S
© Solve differential equation A¢ = S for ¢!

© Calculate the error between the numerical results (¢) and the analytical solution (@ex) -

Ei = |0i — Pex.i]
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Methodology - Implicit vs Explicit e

A (x,y)=S(x,y)
Explicit

© Choose a (generally) non-trivial analytical solution @ex from which BCs and S are defined

@ Initialize field ¢ with its analytical solution ¢,
© Explicitly calculate A¢

© Calculate the error between the numerical results (A@) and the analytical solution (S) -
Ei=|A¢i— S|
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Methodology - Domain and Meshes

Square 1m x 1m computational domain

Orthogonal (OM)

J. Romero et al. (IPC/UMinho)

Meshes considered

Non-orthogonal (NM)
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Methodology - Field ¢ mE

e We will be using ¢ (x,y) =xy(e—e*)(e—¢”)
» It is not polynomial
» ¢ =0 at the boundaries of the chosen domain
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Laplacian - Numerical Calculation

The Laplacian discretization is based on Gauss's theorem. For a generic cell ¢;

/Aqsds:]{ Vods ~ Y s;-Voy
Ci aC,' _/

For each face f;

_ _dj 2
Ci Cj Aj= dj-s; |sijl
® -9
k,'j = S,'j—A,-j

sij- V¢j; is calculated according to the selected scheme
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Laplacian - Numerical Calculation

Ci

Orthogonal scheme

—0i

sij- Vo = ‘5U|

!dul
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Laplacian - Numerical Calculation

Ci

Corrected scheme - non-orthogonal correction (with linear interpolation)

(P,I ¢:

¢’= Field from previous iteration
V¢;; - linear interpolation of V¢; and V¢; where field V¢’ is explicitly calculated, using the
gradient scheme selected (e.g. Gauss linear corrected selects a linear scheme for V¢')

s Vo= |A | +kij- Vo
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Laplacian - Numerical Calculation

Ci

Limited scheme
Implicit (orthogonal) term forced to be larger than explicit (non-orthogonal) term for stability
purposes’. A is selected by user.

¢/

sij- Vo= |0 ‘(l) " min (MAU‘¢|d T  kij - V‘Pu)

|d
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Laplacian - Numerical Calculation

Ci Cj

Uncorrected scheme
Equivalent to Limited scheme with A =0

sij-Voij = ‘A |¢
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Laplacian - Boundary Conditions ]|

Neumann (NEU) sp-V@p = sp - Vex p

Dirichlet (DIR) ¢ = Qex.b, Sb- Vb = [sp| 2

Implicit approach

Dirichlet conditions must be used in at least one boundary face, otherwise the solution is not
unique

Explicit approach

Both conditions can be used
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Laplacian - Boundary Conditions

C; Ci ¢
Isil =h o 2

° U N 1 8
2

h

Consider cell ¢; at the right boundary of the domain.

9%¢ 9%¢
s (52),+ (52),
Using Gauss’s theorem

%0\ _ sp-Vép+s5 Vo _
ax? ), |cil
In an orthogonal uniform squared mesh:

sl =|sii| =|dy| = h. |d| =3, |ci| = #°
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Laplacian - Boundary Conditions

20\ 20, —30;+¢;
ax2 ). h2

Simplified notation
6 ()= (x,), ¢/ (x) = P20, 97 (x) = Z55%0.
Then, ¢; =9 (x;), o= 0 (xi+3), ¢j = ¢ (xi — h).

Thus, the numerical evaluation of < ) = ¢" (x;) yields

29 (xi+3) —3¢ (xi) + 9 (xi — h)

¢rl1,um (Xf) =

h2
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Laplacian - Boundary Conditions s
The Taylor expansions of ¢ (x; — h) and ¢ (x,-+ g) of order 3 are:

) (Xi+g> :¢(x;)+¢'(><i)g+ ¢"2(!Xi) <g>2+¢(3;(x,-) <g>3

Plugging this into the formula from the previous slide yields

o (35) = 20" (x) + O (h)

Dirichlet conditions lead to the calculation of the only %Ad) instead of A¢ in the
direction perpendicular to the boundary. In the tested function this direction is dominant.
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Laplacian - Results (EXP-OM-DIR) B

l— 2.0e+00

—19
—18
—17

—1.6

l 1.5e+00

fvc:laplacian(phi)

¢ (x,y) =x*
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Laplacian - Results on Boundary Cells (EXP-OM-DIR)

iPCHE

Laplacian - Gauss linear orthogonal/uncorrected/limited/corrected Laplacian - Gauss linear orthogonal/uncorrected/limited/corrected
1le+01 1e+00
£, + £, o+
a; =0.01 a; =0.97
€,  * €,  *
a, =-0.00 a, =0.94
le-01
1e+00
+ 1e-02
1le-01 L L L le-03 L L
1024 4096 16384 65536 262144 1.04858x1/ 256 1024 4096 16384 65536 262144 1.04858x1
N N
_ 4
El - |A¢ex,l - §A¢I|

256

Ei = | AQex,i — D05
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Results (EXP-OM-DIR)

iPCE

Laplacian - Gauss linear orthogonal/uncorrected/limited/corrected Laplacian - Gauss linear orthogonal/uncorrected/limited/corrected
1le+01 le-02
£, + £, o+
a; =100 a; =2.02
£, ¥ €, ¥
a, =-0.00 a, =2.00
1e+00 1le-03
1e-01 1e-04
le-02 1le-05
1e-03 1e-06
256 1024 4096 16384 65536 262144 1.04858x1 256 1024 4096 16384 655386 262144 1.04858x11
N N
All domain Inner cells
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Laplacian - Results (EXP-NM-DIR)

Laplacian - Gauss linear orthogonal

16+02
£ +
a; =-003 ——
1e+01
. —
PR

16+00 . . . . .

256 1024 4096 16384 65536 262144 1.04858x1

N
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le+02

le+01

1e+00

Laplacian - Gauss linear uncorrected

£ +
ay =-0.02
P
a, =-0.53
.
x
.
. -
256 1024 4096 16384 65536 262144 1.04858x11
N
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Laplacian

Laplacian - Gauss linear limited 0.5

Results (EXP-NM-DIR)

16+02
£, +
a, =-0.04
£, F
1e+01
16+00 .
-
1e-01 . . . . .
256 1024 4096 16384 65536 262144 1.04858x1
N
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le+01

1e+00

le-01

le-02

le-03

Laplacian - Gauss linear corrected

£ +
ay = 1.04
P
a, = 0,00
256 1024 4096 16384 65536 262144 1.04858x11
N
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' iPCEY
Laplacian - Results (EXP-OM-NEU) i

Laplacian - Gauss linear orthogonal/uncorrected/limited/corrected
1e-01

le-02

1e-03

le-04 4

1e-05 4

1e-06

256 1024 4096 16384 65536 262144 1.04858x1i
N
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Laplacian - Results (EXP-NM-NEU)

Laplacian - Gauss linear orthogonal

1e+02
1e+01
—
—
1e+00 ! . . . .
256 1024 4096 16384 65536 262144 1.04858xL
N
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le+02

le+01

1e+00

Laplacian - Gauss linear uncorrected

£ +
ay =-0.02
P
a, =-0.53
.
x
.
. -
256 1024 4096 16384 65536 262144 1.04858x11
N
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Laplacian - Results (EXP-NM-NEU)

le+02

Laplacian - Gauss linear limited 0.5

le+01

1e+00

le-01

256
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1024 4096 16384 65536

N

262144 1.04858x1I

Laplacian - Gauss linear corrected

1e+00
€ +
P . @y =119
o
a, =0.05
le-01
le-02
1e-03
1e.04 . ‘ ‘ ‘ ‘
256 1024 4096 16384 65536 262144 1.04858x11

N

Neumann boundary conditions are advised
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' iPCE
Laplacian - Results (IMP-OM) ==

Laplacian - Gauss linear orthogonal/uncorrected/limited/corrected

1le-02

£ +

@y =2.00

o ¥
16-03 a, =198 1
le-04 4
le-05 4
1e-06 4
16.07 . . . . .

256 1024 4096 16384 65536 262144 1.04858x11

N
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Laplacian - Results (IMP-OM)

Laplacian - Gauss linear orthogonal/uncorrected/limited/corrected Laplacian - Gauss linear orthogonal/uncorrected/limited/corrected
le-02 1le-03
€ + € +
a; =2.00 a; =2.21
-3 * € *
1e-03 a, =198 le-04 a, =211
le-04 1e-05
le-05 le-06
le-06 1le-07
le-07 le-08
256 1024 4096 16384 65536 262144 1.04858x1I 256 1024 4096 16384 65536 262144 1.04858x1
N N
S(x,y) = Ndex for all domain S(x,y) = 2 A¢ex for boundary cells

S(x,y) = Agex for inner cells

A¢(x,y)=S(x.y)
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Laplacian

Results (IMP-NM)

Laplacian - Gauss linear Orthogonal

le-01
£ +
@y =-0.01
£p  *
a, =-0.02
. . .
—
1e-02
—
16-03 . . . . .
256 1024 4096 16384 65536 262144 1.04858x11
N
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le-01

le-02

le-03
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Laplacian - Gauss linear Uncorrected

£ +
a; =-0.01
P
a, =-0.02
-
R —
256 1024 4096 16384 65536 262144 1.04858x11
N
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Laplacian - Results (IMP-NM)

Laplacian - Gauss linear Limited 0.5

le-01
£ +
@y =-0.01
o  *
a, =-0.03
—_— %
1e-02
S
16-03 . . . . .
256 1024 4096 16384 65536 262144 1.04858x11
N
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Laplacian - Gauss linear Corrected

le-03

le-04

le-05

1e-06

le-07

£ +
ay =2.02

Eo *
a, = 2.00

256

1024
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Laplacian - Execution Time

Othogonal sji- V¢ = |sj| ¢|i;'¢|’i
y
Uncorrected sj;-V¢;; = ‘AIA ¢|i;.‘i|’i
ij
Corrected s;;-V¢;; = ‘A” ¢|i;"i”i +kfj'v¢i/j
ij

Limited s;- Ve = ‘AU|¢”';.7’+m|n (MAU\ Lk V¢>
ij

Execution time relative to Limited 0.5 scheme.

‘ Scheme ‘ Orthogonal ‘ Uncorrected ‘ Corrected ‘ Limited 0.5 ‘
| Ex. Time (s) | 6.19% | 16.19% | 8571% | 100% |
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Conclusions o |

@ A methodology to quantify the order of convergence of OpenFOAM discretization schemes
was proposed, using Explicit and Implicit

@ The methodology was tested for the Laplacian operator in orthogonal and non-orthogonal
meshes, using Neumann and Dirichlet boundary conditions

@ The schemes used lead to an error in the calculation of the Laplacian at boundary cells
@ The order of convergence of discretization schemes is different

@ Laplacian schemes with no non-orthogonal corrections (and even partially corrected)
should be avoided in non-orthogonal meshes

@ Non-orthogonal corrections have a significant impact on the scheme’s execution time
e Future work:

» Apply the same methodology to other differential operators
» Extend the analysis
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